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ABSTRACT

ABSTRACT

With the gradual maturation of relevant theories about Mini Multi-rotor Unmanned
Aerial Vehicle (abbr. Mini MRUAV), Mini MRUAV has been applied extensively to
various fields due to its advantages of high stability, low cost and strong functions. Path
planning is always a significant technique which supports the realization of UAV’s
purposeful autonomous flight. It is one of the key issues in improvement of UAV’s
intelligence. The objective of path planning is to obtain the flight path which could
achieve the least cost and danger, based on the specific restrictive condition.

A practical path planning procedure is analyzed and compared with other methods
in this dissertation. The common path planning methods are improved and expended for
MRUAVs. In the end of this dissertation, real-time emulation is implemented with a
quadrotor model which is generated by a simplified dynamic model and typical control
algorithm. From the result of emulation, it is effective to fulfill MRUAV’s autonomous

navigation based on planning procedure proposed in this dissertation.

Keywords: Mini Multi-rotor Unmanned Aerial Vehicle, Practical Path Planning,
\oronoi Diagram, Dijkstra algorithm, A* algorithm
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Dubins [t £k it 45 m] 4 fi] L3t E SO, AR R IR, P 1 N AN 5 T
() R TR R L P47 B 412 CLC BR 2B CCC B4, B el raE, Hrh C &
AT, LERRS CHVIKELZE, AXHITE CLC #it.

Dubins Hi£ifELa N BB AR LRI R, fETE ABLUE, =58 E Dubins
itk 28+l TR SL i) AT, JCH AR A R Fr AL B B I
LEBRARANEL . BARAEZ AT THE DUE R RAT A3 M i S22, DUe 3 kAT 48 R =
AR AE SR IIRE ST, (B2 i T /N DU e 38K AT 8% 138 FH 2 F it S5 L U
JLhg, MsZRT i PERE, DUBER AT ARSI AR, AT efE e,
2 [ 0] LSV AR S /b, BT DASE AR 52 B 2% 1 4 8 U @ 3 VAT 4 O B e A
o PIIEA ORI 18 Dubins fHZkAE Y MU i3 AT 85 e AU g

2.3.6 ttEHTBAZRAVE R

N T EAETHSR, BRI UG SR 2k R PR L MBI, R U ORUIE R P
el Bk, RIN=Bdln: #5838, R amE EaL, WA 6
BRI P 642 v 9 B SR — B L2 — BURI IR R 1 DL, U SR sl AR B 4%
T, WAFREFELIERE Dubins B8A%, X TIX Se 4G fUFI 2% 1k s R0 (1 1
Ol AR . BARMIBRE 26T, W16 AN R s 2 T8 I ER S AN T2/ Crae s
A Copn RIS R R,

BRSSP, WA Qs ik mAPR,, ZIEAR N, WK 2-4 FR,
PASLIE bRl B TfE ELZ D)2k, Lhre Az, Hobre o R M2 1%, H)
e = 1/Crnaxr WP HI A AN 1R fRT DLt — AN 2B IR EFED AT— AN [E
OIS EHIE Do &l 2-4 JEHL T Dubins B2 H) A2 BOE R «

3

Y

2-4 Dubins i Z& 4= Ak
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o i e

2.4 FERE(RER L (Sigmoid function)

2.4.1 FIEEFREREE N

Sigmoid PR (HHICHEBENFERESEPHERED, AR S BAEKHLZ, RMam
g P FH o0z R R Y, IR AR R

S(x) = (2-5)

1+e™%

A DVE R ZRBUELS T, HHETFREIELS ] F; FFH Sigmoid p& £ 1Y,
HAFEHEMpsvE. S mRERian

S(x) =S(x) — S%(x) = (2-6)

(1+e‘x)2

Fsg b, il (2-6) MFRBULAAT A ) Sigmoid e&HCE A TR AT 1S Rl
4n 2-5 72 Sigmoid bR Ei S HAR OC 7 pR ) pR BRI

1 — Slgmmd A% —
—— Theak /
i /

0.8 r
0.6
0.4
0.2t VZ2ERN

0 - Tm=—
0.2

2-5 Sigmoid A% FLAHOC T R 2L

242 FREFREIRBY R
X} Sigmoid BRHGEEAT 12 1E AT LIS B — A — B A& IE Sigmoid BRi%K,

K
1+e~a(x=%¥0)

S.(x) = +d (2-7)
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aKe_a(x_xo)

$e(0) = oy ey (2-8)

£ (2-7), (2-8) ™, KRR, a £nbEE, xoRnfimi e, d £Zng
A% . HE S, KRRREBERBONE R, KBORIBEBR; a Rl
RIARACTR L, BARBESE, a kI ol B E AR AR T AL X TRI RN s x o 2R pR A
X PR &, 2 BB AR 1 B bR A BRIV -5 e B K s AR B A d 3o R Y
Y BT R R .

ARSI T Sigmoid b8 FOy A Bl 2 W THIFE R S8 A BT 30, A2 T
— AR

2.5 KREN

AT AR VGRS R ES AR, BRSESRE MR . Voronoi K. Dijkstra
Bk, A*EL. Dubins HIZEFN Sigmoid BIEGEAT T 5w U IR N . Ix i
ST SR AR IR BT A1 B R 4 AR IE
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BT HBEE

3.1 MUMEE KITHRER

RIREN R G218 KAWL R B0 T 24 B HEAN T — KRR, ke
HRAT S —MIEER A . N EE R RSB 1 e B E L, FRE PR
CERIAENT R, PATRCRE H A0 RiG . AR EARAS 2 DL DY fE 3 AT 5%
MR FEENEE, Ha2h 7 ERR DY 2 AT 88 (1) — S RE Mok 5T B B0 E kAT
PRATIRI B R, 7520 DY B 3 AT 28 1 — Le AR AR AT T

VUJie 3 AT 48 DL TEHLAE N BN SR, DA s s A PO AS UL, AT ()
HAL 9 —4,  PRZH AL S 1) Jie 2 DAT- 4 RAT IS FRT B MR S8 AT 5 S 3l g LR RO o
PR O VAT IS BN, R 0IEEER o o HAR A B35 f 1 28 FH LK
L. LAt ids (B ATHEHIR ) HUBES%.

P HIRE 7 020 IR — R o el A5 I = 5 T IMU(Inertial Measurement Unit) il &
A AN A A A, SRS B HLEEAT T A (nlU T, U7 IR
) FATHAME, KGR NER RN (Pitch/Roll/Yaw) =ANBKHL M i JE1H
g (A PID #5385 5 4 H VU % PWM 32 DU AN FbL

311 MKARESHEER

HUER 3 (K 3 AR 2R, PR B BRASER 2R 2 SR S A T b ER oy, A
bR 5 ERE 7, B2 SO OX. OY. OZ =AM, Jorf, OZ WyHhRkAg /7 1
Fa AL, OX HhiE b bk JE VA 21 T AT M BR 7 1 T T (058 28 45 10 W MK JE 98 121 2%,
OY Fll ZOX W piAs T4 bR oo HUBRAL KT 258 OZ il LA % f P 6 3

B AR 2R AT AT L, 4K IEASHIZE ox. oy. oz AN ST K
TR IET . A5 DA R 7 (AT R

T PO AT B E AT R A R, Wil RS EERA IR R E
A LR O-XYZ S Ie A, N TET 0, TERE Rk, e
AENSTE E RANERBHE CAT SSMBHAAALER R B R 2 AT R, S/ EE 0 (i FE A AR
HRARE ., NT HEERR, B RIAGRE o-xyz F5

BEMMFTRE B A E RIALFFRIE AL AT T e, (HR BT AN
EBN R CUERE TR, e A AR LB A5 A8 1k, 58tk DL Sk A
%8, DRI NRREL A A&

[ £ i P DA 1 s FEL 28 s ek sy M S i, AR SUR B £ 0
HEEN M O A E R & 4R, 4y IFER OZ B oz e . OX BITEH T 0Zz °F
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HL P RHOR 52 AR S

M52 ON (M /. ON 2 ox [FHEFe M, el 3-1 mit A& X WKL A (R ik . S

K 3-1 BB RIE X (ZXZ )

br ERTRAHEAT —E 3R RE, N 1 7 (BB AT, ASOR I )€ X E &g
X e &, Hoss X Mg AFR 2100 Y HEs: 0, B JaSeaeid I Oie s 1)
27l 013 B R R =R N A E 3 R AR RN AR A O T A
XoF N R E A BVR . IRAATRAT (Roll. Pitch. Yaw). LA™K HEK$ ARG —
PRIFIX =AM B 3-2 JBon T AT BB M 1 MR K.

Wit (Yaw)

i

(Roll>

{1
(Pitch)

3-2 [fE B AT HLSMBUR

N TSR I BEA R, BATE I YRR bR & (2-D) A
e AT W 2-D PR HIAAER N (X, Vo), SRARKR R SN £ e R o f1JE (57
WRIE 1 fie o #11D, AF BN R, ALAR A (%1, y1), WARBREA 101 R K &

X1 =XprCoSa—Y,-Sina
. (3-1)
Vi1 =Xg'Sina+Yy,-cosa
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Kt (3-1) BRGEREIIEAN:

;i] _P= RaE) _ [cosa —sinaj [xo]

. (3-2)
sina cosa Yo

PR3 (3-2) HAERER A GET R R ARAR R I ) R AR R, TR E i B

MR A (1T B B T LAAS B DY i 3 /AT A8 B SRR R AR P . B SR kI E X
Roll. Pitch. Yaw =/MAERIIET: 28 X Ghigsent Y dhm Z ShEein NiE iy m. 42
Y HEREIS Z hin) X FEEIT A IE T R 5% Z BlVERE I X Fhia) Y ShEE I A IE T .
Fi HRIXAN T8 SCAT LR H AN Rl e 4 SE R«

1 0 O]

R,(p)=1|0 cos¢p —sing (3-3)

[0 sin¢g cos¢

Ry(H) = 0 1 0
|—sin@® 0 cos@

cosyp —siny O
R,(Y) = [sint/) cosy 0]
0 0 1

(3-4)

[ cos@ O Siﬂ@]

(3-5)

5E SCRERE T XYZ, MIMAFE] E &R B REIEFEHIE R:
R = Rz(dj) ) Ry(e) ’ Rx(qb)

cosB-cosyp sing-sinf-cosyP —cos¢-siny sing-siny +cos¢p-sinf-cosy
=|cos@-siny cosp-cosyp—sing-sinf-siny cos¢-sinf-siny —sing¢-cosy
—sin 6 sin¢ - cos @ cos ¢ -cos b
(3-6)

Wit (3-6) 155 T AR R SET LSS E &A1 B A2 MM EEH T . S
br I 7 MRz e AL AT LS ME, X R AR m RS R,
A] DU DY e S VA R IX PG O, T AE A SCRT R B 26 S ANAEAE JT 1 1S
e, Pt CAgt CLX R 5 Aok AT RS R 5
3.1.2 B XITHRNFIRE

FIF REMEN T E, SEYBE AR — S5 2E vk mT DU 7 DU g 3 /AT 28
) fe A Ay 2271

PR B A RO AT

1. PURER AT BSIAE— DRI, 20—V A A v R 5

2. VUi B LR TE LTt b, WU ST BT T LT R
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R IR D e e w5 VA TS

3. AT e B i IR T, Jie BARE IR R i e B

4. 7S FHIIEE

RN, SRR, BRI A e,
HET) 2 Bk 7R LA DG R AP

T = kpw? (3-7)

XTI e R WATER B AR, il e, sl g s R A A A - MR T

(3-8)

{maz RT — G — kg ¥
M=I16+3x13
Hodr, m OB R, a NN, R OVEREHERE, T N B RN, G NET,
Kair NPT, v REEE, M OSJE, | NESIRE, o AMERE. T4 -EK

P RIE A AT . R DU B AR A e N R DT R, AT A3
X = (sin@cospcosp +singsiny)-Uy/m— kyx
y = (sinfcos¢psiny —sinpcos)-U;/m—k,y (3-9)

Z=cosOcosp-U/m—g—k,z

PL &
W, = [lUZ + (Iy - Iz)waS - Imotorwz-g]/lx
Wy = [lU3 + (I; — L)w s + Imotorwln]/ly (3-10)
@3 = [Us + (I — 1)) w,w3]/1,
/\I:I:[
Uy = LiL=1 F;
U,=F, —F
o (3-11)
LU3 =F—-F
Uy = ko(QF + 05 — 05 — 0F)
JEH
..(2:!22"‘!24_!21_!23 (3_12)

PLE=ZHGFE (3-9), (3-10). (3-11) fI—Aax (3-12) ARk T ik r Ve«
AT BRI BN Sk, Hp g —450 (3-9) NE ZMEE L, & _4HR (3-10)
B AMAMGEE R, #=HRA (3-10) AEHIE NI, Min— AN S AR
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FE RS

PR (3-12). m NIUMERE, ke koo k0 BIRER E R=AH 2R
@ﬁ?ﬁf?utﬁ£>kﬁﬁﬁkmﬁﬁwm e, DY e 32 5 O LA )
FfEEE L U0 BIEE, Iys Ipv Imotor 70 RN B BRI X. y. z Sl
[vi] (1) % B 158 2 DA K% ML e 3 m%&n &, ORI | HALE B e s, FiR
T%I4QMW e A HED

iSRS R DAE B, A8 DO A AT AR DU e 3 RAT AR AT .

3.2 1BHIEE

A I P ) B DU e B R AT B AR E AT OR R, E T s ) S 3 B
BIEGE PID Hik. Bl e, REEHSE, AR H . B
ST TV e 3B AT SR IS R IR AN O KR . BT ARG ) 2 H A
ST AT 2R CATHE B R G, Bt UK H AT RN AT, (EAE 3 (1 FE
P B8 24 T EL B i N ARIARUATEE PID #5105 30, RN IR HI 88, RN
LB HEE, A 2 S RS MR TER. NERRZ, EE
2SN E T AR R4 2% BB 47 B A5 SIE I PID i 2843 2UIEE(E B,
X BB Sigmoid BRI BB IEE, 1T NN ig B B ZE AT PID #5Hi
N T RoRTTE, € X eRE PID WF

PID(E,) = kp - Ex + k; [ Eydt + kp - E, (3-13)
Hrbkp kyv kpZr Al el 24, 5 KRBT B3

3.2.1 (LEITH

7 B & PR BT 06 DU e 3 RAT RS AL B ARAR(E B, SR AT 2R g B . An
HEERIAEEAE, DU G824 G BRI EAE T RATE A . a4 025 N
72 VU e B KAT 45 A T AR AR B AN SR AR ARAEL, 0 HH A s 1) B U A A R S R A
P A PRI JOa 5, B o B 2 AL B AL AR R ER AT B AR bR 4 A i VAR
B0 FE UUME , 2 HIsHE e FR N Pos2Ace; PR G M Pos2Ace 1o 75 H i 2k n
WIS, B P s B e A 30 (Rodrigues' rotation formula) 5 H 2R %
&M, ZHHE 7'jAcc2Ang|e

7t Pos2Acc H, @it Sigmoid eREgm S s BT, 152166 1S E Lk
D P HHEEAE, il

(ve, a,) = Sigmoid (P, P;) (3-14)
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R IR D e e w5 VA TS

X (3-14) (UPREALEIL, WK

v, = Sigmoid(P, P;) (3-15)
oA Sigmoid iz H BT, R Yui A B P AL E P 45 21 B EE () LA
WAL, ANIREAZEEE, N Pos2Acce A] LAFR/R A

E, x = Sigmoid(X,X,) — X;
E, , = Sigmoid(Y,Y,) — Y, (3-16)
E, , = Sigmoid(Z,Z;) — Z;

M5

Vy_e = PID(Ev_y) (3_17)

{Vxe = PID(Ev_x)
Vz_e = PID(Ev_z)

f£ Acc2Angle =Ml ds, SIADIEERIEHE AN, ZoXNEHEZCRE—
[ R AT e im0 1) B S i E R R R, AR AN HE N UE B o S0 B2 ke J3E A
RS2 IGO0, B % 8 AR e 2~ 2T DK R K 36 A LAz U, % T
DB R e AN BEABR . BRI IRIR

(U, 2) = Rod(A) (3-18)

0] Ax_e X
0= (9) , A= Ay_e = <y> (3-19)
Y Ay e Z

fr BEEH R G0 BRI 3-3 s,

=

HEEME Sigmoid ERSEE i e i
—>| >{+ PIDFEER > G RE >
h
dy | ===z
dx

3-3 fu Bl 2GR E K
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3.2.2 ZEFITHI

YLASH ] T T T 3 D PR SR D e R K AT S (B A R AN A e
JEF o %A ) 5 O T o o S AR TS ) @ I PID ARFRT L. PR R
FIIAETE, T BT IR A 10— S0 e WL A A 3 P T e g b 3

Pe 0 O d)e De W,
[% =| 0| +R; |6, +RZRY[0]’ [qe]=[“)2] (3-20)
Te Ve 0 0 Te w3
KX SRR RN
(Pes erTe) = Euler2Body (e, 6., ) (3-21)

U325 ) 2 W PR R

[6,dt = PID(6,, — 6) (3-22)
J the dt = PID (o1 — )

(Pe»qerT) = Euler2Body (¢, 6,,1,) (3-23)

{pe = PID(pe — D)

{féﬂu=Pux¢ﬂ—¢)

de = PID(4e — q) (3-24)
7, = PID(¥, — 1)

3.2.3 Sigmoid #5411 28

T B R ) SR B T B AR R BT, AR AR ST I AR R R T AR
WA PID #2673, WIONREEGRIRZE, SN0 Ehlds, WA b
T A A A AT . RO B AR, BiERALEE BdEd PID
PR3 BN BEAE B, Ha2 T X P 7 NEH & B B B 2Rl L PID
SH N TR BEARSE LI TR A I AT I e . AT ENTE X T DY e 3 A MK,
BRI H R AL R, B2 LR AL S . R, W
WSS BB RT A, d BV BRSO B AE SRS B IR A, DRt B
i Sigmoid BRAAS B, 1 fE X IR 2 BT PID . ff X
P o] M AR R B4z 07 20, A b s SRS ST 1 S INA BE A B Al

HAKM Sigmoid 12 F 48 HE M N LR
K Sigmoid BEECA -

S(t) = m (3_25)
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HL P RHOR 52 AR S

s SO (3-25) SRt AT idre, WAt 2 Harf e (i), KfE
RRHERR AR RS, a RoRHIRIEEES, a BORZ g A LA b B
PRIH, o B I 2 e KA I 18], &) 3-4 R .

Sigmoid Function Sigmoid Function
1 b e 5 — o[- = .i,, —
08 a3 I Z ] =10 P
———a5 / 0| ———K=20 /,
K=40 /
/ aaites
H e
10 Y S o
A 3
7
0 |t
0 2 4 6 8 10 0 2 4 6 B 10
Sigmoid Function Sigmoid Function
12
——— = — — — —
05 a=3(S'1)] JwH——d=1 -~
—=—=a3[S'M) d=05
L a1 [S)] 1 8| ———d=t0
aab| ———w=1 500 {8 4=105
02 // & 1
01 il N {2
0 i A T
———— el
e (£ SRR
01 - —- 2 A .
¥ 2 4 6 107 2 4 6 ) 10

K 3-4 to = SIS ANFEZEC T Y Sigmoid bR M3 e £ B 1%

FEAE A IZ R AU, AR AR SO E R, e e B s B, B
S RO N R PR
Koy CEZR K AN 0)

S(0) = K/1+e%o 0 (3-26)
Bt AR 2258 i KR Z HE mays W2
S(0) =K/1+ e%0 = E,,., (3-27)

L (3-27) AIRMFEtg. #S(t) < Emayr LA S(E)H 0,

S RTS2brlU e IS AHLEIHLIRES A . YR Th R AL RER R, HEK
SE AT A PITBETE B A B KT P Vi VR KNI P Ay 110 388 JEE RT3 2 ) 301 22 2
Hi Sigmoid & AN G R AU E I, 215

Vinax = max[S(t)] = S(t,) = aK /4 (3-28)
Apae = £0.096224a2K (3-29)

PRAZ LA BN RE AT DA 3 a B K PRS0
33 7 56 %1 Sigmoid A f5, RN EE, 1526 i TE 7,
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FE RS

HN—ZFr e, e Th 50 N S B BERIN T R ol T DA DA Az i 4
SR AR SUY SR PR R e P BEAT AR A o AR AR, AT USSR AN B
=B SR BRI R AT SR TIB ER T o

3.3 RBTHI

7 B AR ], S DU e 3R RAT AR Bl J A, AT DABOE S U 2y
ReEH EU LA AV e 3R AT SR, Sl B 0 ) DUAS DY e 3 AT 4 1 AR AR AT
LA WIMTEEAT SBAF 2P . $2MOXFPT7iE, LA Sigmoid pR OO I N EZS
FEfL ANIAALE AR A3 PID F 5 2Ost SEIL 1.

3.4 KE/IN

AT EESG 7UER AT A BN ) A R R R AR P B, AR AT
PR SEXS T VU3 AT SR B R 2, I g4 Sz sh A 5 R,
(B B R A B R AT 42 ) ST T AN R AR ) = 2R T H A, (AL
RSO ERIZ NG . DUeSR AT A B B (1 18 2 1 BARFE AR - R T R, R
BRI A IS S A T T R RAT SRS s R . R4 PID FE i AN
Sigmoid pR AR AS RS &, W T RIS, Wiz s s A Js
TR AR Y BEAT 2 A
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FE Bt A

ENE wit~H

4.1 BEMRIZHEHT

B AR B, BRI AT 55 T AT 5 B VA 285 D A2 H B AE — 5 BR ) 2 A
TAEE AL A B2 T B ERAE, A RN E 2 ) f ReE S, L2 BRAT IR
A2 I ESRABR S o DRI X BE AR R R B 25 A 3R AT 2 AT R I B B AR LR B
BIfERS TAE.

ARRRESE T =P A RINE S5 2@ BRSO L Mo 8 5 A2 P b4
PRI 0T b i (R R RV, O AN (R 1) BBy i —— B ) AN Bl ik —— 23 il
TARRIBIELE:, A*SEER Dijkstra 9%, (HEREET Voronoi Bl #4205 218,
J& R4 b R 7] ) A Dubins il 2 im AR AL, «

4.1.1 BRh R B K ik

AR SCHE B R AR R 0 PRI 3K A B S e, K AR TR S B N 4
B EN AR o 0T A [F) 2 BRI o P Jg i i, A INE (1 3% 10 K] 9205, Sl s 8
MEIE.

VBN S5 DL P AT b 25, PRSP ERIA T SE A —FEIIMERR, X ER A2 HR
ISR K . TEARVUCGRB A, KRV AR LA A #0758 ok 2k
AP, AR 30T o BERS PR T Gk 5 K X AAE T, BRS04
N A, B0 B 1, s UL B AN T PRI A s 17 TR I 1) R B
TR IR S DA B R A TR A AR R IR K 06, — R D g s 4
HIE R M ESARLNE IS R BUAh, BRAS B B & AN AFEAE RAEA 201
Ry, 1T B T ) B — 7 THI B 35 5 3 0 75 T SRV BBl PN PR BT T 3, 55—
THI U i@ 38 6 AT 38 BT e A7 B A0SR TE 2 N BB 1A SRR 2 N, TR0 21 7y
Iy =y 1 I P N S SN Ll 7 S i = N N

ST, SRWCNERARS, 50 BRSPS 50 b5 T 242, A s
Vs Eh A . fE =4, Bk WATEE A AT, RUTITEEEE A, B
Gy WA, B RIS AT TR AT R, WA T B AN B, BTATE
F&) 82 Voronoi 2 1T, 750 B L HEAT I, XTI B AR SR (M B AS 4) i AN
DL VU T8 3R AT % KAT 14, B2 500 Bk H e A2, DA RS Voronoi BIfTHE & .
FEAERUE F ST DL B DU SR )

Tijza'lij ((Z=10T00) (4-1D)
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R IR D e e w5 VA TS

Horp 2SI Rm N T 205 5 BAEBUE, 13RI, m DUE 5
ZIFEE AR, of BB RGP e TR, RIDY 1. HIWr AR 2
A W ) 5 500 EU B 5 B AR R PR R 2 5 K TR YRR, AR T IIA
SR WT,  IT

xR AR IR H IR, BERIMZ, DO e AT 4% g d ik 4R
MBBERTFARZ KA R, B T HEEAFWIEAKT, T SRMEER
PR, RATERI RATEEE . RAT R AR AN AT AR 1 2 A AT B AR
KEFE . RIS NIRMPLE AR A S MR LA R, BB Skt T fite, A
NI EIERIRMEE ST —FE, RN, RAT A0 d A -0 2 A% L HL
RE AT E LN RIS, IF R BB L S AT 8 I 1 ok
SRS 1 DU T R LB, AT SR E IR AR 1 B B AR A KB AR T A e
TR

1
Tij = an (4_2)
:/H;‘EI:‘ n ﬁ@ﬂﬂ‘/‘ﬁAé\i&o

4.1.2 HLLHE

AL T TR R R AR, TR R AR RSO0 T — R 3k
PR ) Dijkstra 5k, A*FLRIEN R & ME R ] DUR BRI A7 A, B4
THOL T R xt ieftig e B sl UL H IS AT A5, 1Mo Dijkstra 5.3
SN BT T SOEAT Y R AT . BSR Dijkstra 5092 AT LA 2 BT A T a5 X 85 1 5
MUOTERAE, A U AE IS SRS I 1 S L, (B AR BRI AG i S R A
K, HitGEELT AT AR R IER Ry A*BEIEMER 1R Kk s
INPRAL R SE, AEMI R IR &, AR B R A B LR B AR I B8 AR I A v
A*SLEEEAE LR B SE W B RV, BUR e Bl T80k, R &
SOEFE E I

Xt U R RS E I, UL AR AR A & R AL Rl R R AR, AR
HURE AR (B BEHERR A2 RAT SR AEAE), BRINSRA AXBELE ML Al LUR ST Y
SR ACERAT: X U R A2 T IE IR O, T U S B AR TSR LA R 2
A*SLET IR AL B LA E , BN R Dijkstra 550325 T LUSE i I AN 8 F)
SEBUE RIS
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FE Bt A

4.2 ETXTIAEFRER TERERX

ARURE T Seik H RS Voronoi IR g 12 MR 2EAil . Voronoi & AT LK
I O 00 B r R B A R A R I R R AR, A SRR R B, AR IR
BRI A*S7E AN Dijkstra 505, TEAEINERBREAERE T, 7T Mg
T 5 IR AR AR AR

421 RFZIEFERER

FEAE Y Voronoi 2 /T, 7 ZEBHRA Y s e, IR0 E— R, X T A RIPER
s i, AR ZE . A5 B AR, W SOZ AR & AR T R AT 8 KT
JE I RS T N ) S 55, AT PTG Voronoi AR BRI TSR0 TR T g s
GO, AT EE AT TALBE.

1 C S0 AR TSR R , AE ik Voronoi B3 A 7 A Pk, B b S fij s
A R EEGE AR, A SOR R IR 52 893E  Voronoi . A1 2 i
Voronoi B FIXHE K, B Delaunay — Ff I SCILIRT, #2021 o 77 B e B 2
()5 A 25T F, AN —Fh Bowyer-Watson (HIBR-iKFR) Hik. %71k
AT

LAE— AN BT A B S R =AY, FMAN = MIBEER,

2AWN B R, AERER R B HAMER O S A ST =M%, PRIXF
=M =T, MERFE I =M AL, FidA S = AR T A
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A Formal Basis for the Heuristic Determination
of Minimum Cost Paths

PETER L. HART, mEnMBER, 1EEE, NTLS J. NILSSON, memser, 1k£k, ANp BERTRAM RAPHAEL

Abstract—Although the problem of determining the minimum
cost path through a graph arises naturally in 2 number of interesting
applications, there has been no underlying theory to guide the
development of efficient search procedures. Moreover, there is no
adequate conceptual framework within which the various ad hoc
search strategies proposed to date can be compared. This paper
describes how heuristic information from the problem domain can
be incorporated into a formal mathematical theory of graph searching
and demonstrates an optimality property of a class of search strate-
gies.

I. INTRODUCTION
A. The Problem of Finding Paths Through Graphs
ANY PROBLEMS of engineering and scientific
importance can be related to the general problem of
finding a path through a graph. Examples of such prob-
lems include routing of telephone traffic, navigation
through a maze, lavout of printed circuit boards, and
mechanical theorem-proving and problem-solving. These
problems have usually been approached in onc of two
ways, which we shall call the mathematical approach and
the heuristic approach.

1) The mathematical approach typically deals with the
properties of abstract graphs and with algorithms that
prescribe an orderly examination of nodes of a graph to
establish a minimum cost path. For example, Pollock and
Wiebenson!! review several algorithms which are guaran-
teed to (ind such a path for uny graph. Busacker and
Saaty®® also discuss several algorithms, one of which uses
the concept of dynamic programming. ¥ The mathematical
approach is generally more concerned with the ultimate
achievement of solutions than it is with the computational
feasibility of the algorithms developed.

2) The heuristic approach typically uses special knowl-
edge about the domain of the problem being represented by
a graph to improve the computational efficiency of solu-
tions to particular graph-searching problems. For example,
Gelernter’s®! program used Euclidean diagrams to direct
the search for geometric proofs. Samuel® and others have
used ad hoce characteristics of particular games to reduce
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the “look-ahead’” effort in searching game trees. Procedures
developed via the heuristic approach generally have not
been able to guarantee that minimum cost solution paths
will always be found.

This paper draws together the above two approaches by
deseribing how information from a problem domain can
be incorporated in a formal mathematical approach to a
graph analysis problem. Tt also presents a general algo-
rithm which preseribes how to use such information to find
a minimum cost path through a graph. Finally, it proves,
under mild assumptions, that this algorithm is optimal in
the sense that it examines the smallest number of nodes
necessary to guarantee a minbuum cost solution.

"The following is a typical illustration of the sort of
problem to which our results are applicable. Imagine a set
of cities with roads conncecting certain pairs of them.
Suppose we desire a technique for discovering a sequence
of cities on the shortest roule from u specified start to a
specified goal city. Our algorithm preseribes how to use
special knowledge -e.g., the knowledge that the shortest
road route between any pair of cities cannot be less than
the airline distance between them—in order to reduce the
total number of cities that need to be considered.

First, we must make some preliminary statements and
definitions about graphs and scarch algorithms.
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